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Abstract
We study theoretically and experimentally the modulational instability of
broad optical beams in photorefractive nonlinear media. The angular
dependence of the growth rate of periodic perturbations is calculated. Our
findings are confirmed by experimental measurements on a strontium
barium niobate photorefractive crystal.
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A plane wave propagating in a medium with focusing
nonlinearity is unstable with respect to the generation of small
scale filaments [1]. This so-called modulational instability
(MI) phenomenon has been extensively studied because of
its importance as a factor limiting the propagation of high
power beams. Filamentation may also be identified as the
first stage in the development of turbulent fluctuations in the
transverse profile of a laser beam [2]. In addition, MI is often
considered as a precursor for the formation of spatial and/or
temporal optical solitons. As far as optics is concerned, MI has
been studied in media with various mechanisms of nonlinear
response including cubic [1], quadratic [3], nonlocal [4, 5] and
inertial [6, 7] types of nonlinearity. Importantly, MI is not
restricted to nonlinear optics but has also been studied in many
other nonlinear systems including fluids [8], plasmas [9] and
matter waves [10].

In the context of optical beam propagation in nonlinear
materials MI has usually been considered in media with
spatially isotropic nonlinear properties. Recently a great deal
of theoretical and experimental effort has been devoted to
studies of nonlinear optical effects and soliton formation in
photorefractive crystals [11–13]. While these media exhibit
strong nonlinearity at very low optical power, their nonlinear
response is inherently anisotropic [14]. The anisotropy causes
a number of observable effects including astigmatic self-
focusing of optical beams [15], elliptically shaped solitary
solutions [16], geometry-sensitive interactions of solitons [17]
and fixed optical pattern orientation [18].

Several previous studies of MI in the context of
photorefractive media were limited to a one-dimensional

geometry where the anisotropy is absent [19–21], and the
physics is similar to the standard saturable nonlinearity [22].
On the other hand, in a real physical situation where one
deals with finite sized beams, the anisotropic aspects of
the photorefractive nonlinear response are expected to play
a significant role. Some previous work [23, 24] already
indicated the importance of anisotropy in the transverse break-
up of broad beams propagating in biased photorefractive
crystals. However, no detailed analysis of this phenomenon
was carried out. In this paper we study the MI of optical
beams in photorefractive media taking into account the full
two-dimensional anisotropic model of the photorefractive
nonlinearity.

Time independent propagation of an optical beam
E(r, z) = (A/2)ei(kz−ωt) + c.c. in a nonlinear medium with a
weakly varying index of refraction is governed by the parabolic
equation

∂ A

∂z
− i

2k
∇2

⊥ A(r, z) = ik
n2(r, z)

n0
A(r, z). (1)

Here r = (x, y) and z are transverse and axial coordinates,
∇⊥ = x̂(∂/∂x) + ŷ(∂/∂y), k = 2πn0/λ, λ is the wavelength
in vacuum, ω = 2πc/λ, c is the speed of light and n =
n0 + n2(r, z) is the refractive index, with n0 the spatially
uniform background index and n2 the spatially varying
nonlinear increment.

In the case of a photorefractive screening nonlinearity
the optical beam propagates through a photorefractive crystal
externally biased with a DC electric field. The beam excites

1464-4266/04/050397+07$30.00 © 2004 IOP Publishing Ltd Printed in the UK S397

http://stacks.iop.org/JOptB/6/S397


M Saffman et al

charges which, after migrating due to diffusion and drift in the
applied field, are subsequently trapped by impurity or defect
centres. The effective nonlinearity (refractive index change)
is proportional to the low frequency electric field E created
by light induced charge redistribution [11, 12, 14]. In the
situation of interest here where the optical field is linearly
polarized along x̂ which coincides with the crystalline ĉ axis,
the nonlinear increment to the refractive index is given by
n2(r, z) = − 1

2 n3
0r33Ex (r, z), with r33 the relevant component

of the electro-optic tensor and Ex the x̂ component of the low
frequency electric field in the medium.

It is convenient to describe the nonlinear material response
in terms of the quasi-static potential induced by the optical
field. As shown in the appendix the resulting set of
dimensionless equations is

∂ A

∂z
− i∇2

⊥ A = i
∂φ

∂x
A, (2)

τ
∂

∂t

[∇⊥ · (
ε̂n∇⊥φ

)]
+ ∇2

⊥φ + ∇⊥φ · ∇⊥ ln Ī

= ∂

∂x
ln Ī +

Eph

Eext Ī

∂|A|2
∂x

+ α
∇2⊥ Ī

Ī
(3)

where Ī = (1 + |A|2)/[1 − ξ∇⊥ · (ε̂n∇⊥φ)]. The coordinates
and variables have been normalized using the scalings given
in the appendix with the addition of |A|2/ Ĩ → |A|2 with
Ĩ = 2Is/(ε0n0c).

Equation (3) describes the most general situation when the
electrostatic potential in the crystal is induced by two distinct
transport mechanisms: drift of charges in the biasing DC field
plus the photogalvanic field and their diffusion. The relative
strength of the diffusion and drift terms is determined by the
dimensionless parameter

α = kBT

eEextl⊥
.

The diffusion contribution which leads to spatially asymmetric
stimulated scattering dominates at large transverse wavenum-
bers of order kD. On the other hand the drift terms give the
dominant contribution to the spatially symmetric MI which is
prominent at much smaller transverse wavenumbers. Thus the
term proportional to α in equation (3) is often neglected when
studying MI.

The initial linear stage of the filamentation instability may
be investigated by putting

A(r, z) = A0eiβz
(
1 + ae�z+iq·r+i�t + be�∗z−iq·r−i�t

)
(4)

where � represents the growth rate of the perturbation
characterized by the transverse wavevector q and frequency
detuning �.

The steady state solution to equation (3) in the one-
dimensional plane wave limit with α = ξ = 0 is ∂φ/∂x =
(1 + Eph/Eext)|A0|2/(1 + |A0|2) where A0 is the amplitude of
the plane wave which is assumed to vanish for x → ±∞. It
is therefore convenient to renormalize the potential as φ =
(1 + Eph/Eext)|A0|2x/(1 + |A0|2) + φ̃ so that the equations of
motion become

∂ A

∂z
− i∇2

⊥ A = i

(
(1 + Eph/Eext)|A0|2

1 + |A0|2 +
∂φ̃

∂x

)
A, (5)
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Figure 1. Growth rate as a function of spatial frequency q for
several values of the transverse angle θ for A0 = 1, � = 0, Eph = 0
and εy/εc = 0.53. The solid curves show the diffusionless case
(α = ξ = 0) while the dashed curves show the effect of diffusion
with α = 0.046 and ξ = 0.42.

τ
∂

∂t
[∇⊥ · (ε̂n∇⊥φ̃)] + ∇2

⊥φ̃ + ∇⊥φ̃ · ∇⊥ ln Ī

= 1 − (Eph/Eext)|A0|2
1 + |A0|2

∂

∂x
ln Ī +

Eph

Eext Ī

∂|A|2
∂x

+ α
∇2

⊥ Ī

Ī
(6)

with Ī = (1 + |A|2)/[1 − ξ∇⊥ · (ε̂n∇⊥φ̃)]. The ansatz (4) then
gives β = (1 + Eph/Eext)|A0|2/(1 + |A0|2) which provides a
continuous transition to the 1D solution.

Solving the linear problem defined by equations (4)–(6)
gives the dispersion relation

�2 = q2

[
2|A0|2

1 + |A0|2
{

cos2(θ)

1 + |A0|2
(

1 +
Eph

Eext

)
+ iαq cos(θ)

}

×
{

1 + ε̂n(θ)

[
i�τ − i

q cos(θ)ξ

1 + |A0|2
(

1 − |A0|2 Eph

Eext

)

+ αξq2

]}−1

− q2

]
(7)

where ε̂n(θ) = cos2(θ)+ εy

εc
sin2(θ) with εy the static dielectric

tensor component along ŷ and θ the angle of q with respect
to the x̂ axis. In the limit of a single transverse dimension
(qy = 0) without diffusion, equation (7) reduces to the formula
for the growth rate in saturable nonlinear media [6, 22].

The instability growth rate is given by Re[�] =√
Re[�2] + |�2|/√2. In figure 1 we show the growth rate as a

function of the spatial frequency q = |q| for a few values of
the angle θ using parameters characteristic of a photorefractive
crystal as given in the appendix. The growth rate depends
strongly on the angular orientation of the initial perturbation.
In particular, it always attains the largest value when the
wavevector of the perturbation coincides with the direction of
the applied electric field (θ = 0). As θ departs from zero the
amplification of the perturbation decreases, and the growth rate
becomes less strongly peaked at small q. The growth rate is
an even function of q provided that � = 0 and inspection
of equation (7) shows that it falls of for large q as 1/q.
Interestingly equation (7) predicts there is no instability for
perturbations with wavevectors perpendicular to the direction
of the applied field.

We emphasize that the growth rate found from equation (7)
is an even function of q also when there is a diffusional
component of the nonlinear response. It is well known from
studies of photorefractive two-wave mixing [25] that diffusion
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Figure 2. Growth rate of frequency shifted perturbations versus spatial frequency q for several values of the transverse angle θ for A0 = 1,
Eph = 0, εy/εc = 0.53, α = 0.046 and ξ = 0.42. The subplots are for (a) �τ = 0.5, (b) �τ = −0.5, (c) �τ = 4 and (d) �τ = −4.

gives a nonlinear coupling coefficient proportional to q/(1+q2 )

which is an odd function of q. The apparent contradiction
between the present results and those found in two-wave
mixing stems from the fact that the perturbation ansatz of
equation (4) includes terms proportional to eiq·r and e−iq·r.
There is therefore no difference between the growth rates
for positive and negative q. The two-wave mixing analysis
which leads to an anti-symmetric gain spectrum assumes Bragg
matching of the interacting waves, and therefore neglects the
small Bragg mismatched component generated at −q in the
presence of a seed beam at +q. The linear analysis presented
here includes the perturbations at ±q but does not capture the
asymmetry of the diffusional nonlinearity that occurs for thick
gratings that are deep in the Bragg limit.

When the perturbation is frequency shifted with respect
to the plane wave (� �= 0) the growth rate depends on the
sign of �. This is shown in figure 2 for �τ = ±0.5 and ±4.
For large q the instability is dominated by diffusion, and is
independent of the sign of �, while for small q the growth rate
is slightly larger for positive �. A curious feature of figure 2
is the existence of a zero growth rate at intermediate values of
q for positive �. For θ = 0 and Eph = 0 this occurs at

�cτ = (1 + |A0|2)
[

ξqc

(1 + |A0|2)2
+ αqc(1 + αξq2

c )

]
. (8)

The cancellation of the growth rate can be attributed to a
destructive interference of the drift and diffusional parts of
the nonlinearity. Additional analysis shows that cancellation
occurs for negative � when Eph is sufficiently large.

Finally, we note that the angular dependence takes on
a simple form in the small q limit where the diffusion
contribution can be neglected. Putting α = ξ = 0 in (7)
and assuming no frequency shift so � = 0 we obtain

Re[�] = q

[
2|A0|2

(1 + |A0|2)2

(
1 +

Eph

Eext

)
cos2 θ − q2

]1/2

. (9)

This latter expression shows clearly the decline of the
instability growth rate with increasing angle away from the
x̂ axis.

In order to verify the reliability of the linear approximation
discussed above we resorted to numerical analysis of the
full two-dimensional model governing propagation of optical
beams in a photorefractive medium: equations (2), (3). For
simplicity and comparison with the experimental conditions
discussed below we only considered the frequency degenerate
(� = 0) and short Debye length (α = ξ = 0) limit. We
also assumed the lack of a photogalvanic effect (Eph = 0).
We used a split step fast Fourier transform code to solve the
propagation equation (2) and a finite difference technique to
find the electrostatic potential and refractive index change
induced by the beam. Results of these calculations are shown
in figures 3–5. In all cases the direction of the applied DC
field is horizontal (along the x axis). In figure 3 we show
a few examples of numerical simulations depicting results of
propagation of the wide Gaussian beam with initial random
perturbation of its amplitude, for a few values of the beam peak
intensity. These graphs illustrate the inherently anisotropic
nature of the instability. Initially random perturbations lead to
amplification of the perturbation with almost zero y component
of the wavevector. This leads to the appearance of beam
modulation in the form of roughly vertically oriented stripes.
Graphs in the bottom row display the spatial spectrum (a
zero-frequency component has been removed for clarity of
presentation) of the resulting intensity distribution. Notice
that the spatial frequency with the highest growth rate varies
with the peak intensity of the beam, which is in agreement
with the prediction of equation (9). For comparison figure 4
shows the intensity distribution obtained with the Gaussian
beam propagating in a standard isotropic saturable medium.
The beam experiences modulational instability but this time all
amplified spatial frequencies are located on a ring, reflecting
the isotropic nature of the nonlinear process.
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Figure 3. The intensity distribution (top) and its spatial spectrum
(bottom) for a Gaussian beam with initial random noise, after
propagation over a distance of 5 mm in a photorefractive crystal.
The size of the computational window is 200 µm × 200 µm. A
zero-frequency component has been removed from the spectrum.

(a) (b)

Figure 4. The intensity distribution (a) and its spatial spectrum (b)
for a broad Gaussian beam with a superimposed initial random
noise, after propagation over a distance of 5 mm in an isotropic
nonlinear medium. For clarity of presentation the zero-frequency
component has been removed from the spectrum.

The complete absence of instability for θ = π/2 and its
apparent one-dimensional character as depicted in figure 3
are a direct consequence of the anisotropy of the nonlinear
response of the photorefractive medium. The light induced
focusing power is roughly three times stronger in the direction
of the applied DC field than in the direction perpendicular
to it [15]. Unlike in the isotropic system where all spatial
frequencies corresponding to highest growth rate are amplified
(figure 4), in the photorefractive crystal the highest gain is
experienced only by perturbations with qy ≈ 0 (θ ≈ 0).
Therefore only these frequencies will contribute to the initial
stages of the modulational instability described by the linear
theory. Spatial perturbations with nonzero qy components have
much weaker growth rates and will play an important role only
after the 1D structure with qy ≈ 0 has reached sufficiently
high intensity [18]. Then the full two-dimensional break-up
and subsequent filamentation of the beam will follow [23, 26].
However, the full analysis of such a process is beyond the scope
of the present paper.

Next we simulated propagation of a broad Gaussian beam
with its amplitude perturbed by a spatially periodic modulation.
The angle θ which determines the angular orientation of the
perturbation with respect to the direction of the applied DC
field was varied from θ = 0◦ to 90◦. The strength of the
perturbation (relative to the peak intensity of the beam) was
less than 10−2. Results for the propagation of this beam over
a distance of five millimetres are shown in figure 5. Each row
of this figure corresponds to a different spatial frequency of

Figure 5. The intensity distribution of the optical beam in a biased
photorefractive crystal with an initially imposed periodic
perturbation as a function of the angular orientation of the
perturbation and its wavevector (q). The peak intensity A2

0 = 1; the
DC biasing electric field is applied along the horizontal (x) direction.
The size of the computational window is 200 µm × 200 µm.

the initial perturbation. A decrease in the amplification of the
perturbation with increasing angle θ is evident.

To verify our theoretical findings we conducted
experiments using a crystal of photorefractive strontium
barium niobate as the nonlinear medium. The experimental
set-up is analogous to that used in our earlier studies of
photorefractive soliton formation [13]. The crystal was 5 ×
5 × 10 mm3 in size with the optical beam propagating along
the 10 mm axis and a DC electric field of 1.1 kV applied
along the 5 mm long ĉ axis. The optical beam (1 mW) from
a solid state laser (λ = 532 nm) was loosely focused at the
input face of the crystal. The output intensity distribution
was imaged by a CCD camera and stored in a computer. The
crystal was illuminated by a broad white light beam which
was used to control the degree of saturation. Typically, the
peak intensity of the incident beam was of the same order
as the average intensity of the white light background. We
used either an unperturbed beam or a beam with superimposed
weak periodic perturbations. Results of the experiments are
shown in figures 6 and 7. Figure 6(a) shows the light intensity
distribution at the exit facet of the crystal (after 10 mm of
propagation) in the case where the incoming beam was not
intentionally perturbed. It is evident that nonlinearity induces
modulational instability which leads to the formation of quasi-
one-dimensional vertical stripes oriented perpendicularly to
the direction of the applied DC field. Figure 6(b) depicts
the corresponding Fourier spectrum of the outgoing beam
where the two distinct peaks with almost zero qy components
clearly indicate the anisotropic character of the instability. The
presence of the small y component in the spectrum is the result
of a slight misalignment of the crystal.

Finally we investigated the role of anisotropy in the
modulational instability of a broad beam with an initially
imposed periodic perturbation. To this end the incoming
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(a) (b)

Figure 6. Experimentally observed self-induced modulational
instability of the initially Gaussian beam (width = 200 µ). (a) The
light intensity distribution; (b) the spatial spectrum (with the
zero-frequency component removed). The amplitude of the external
biasing DC field Eext = 3 kV cm−1. The DC field is applied in the
horizontal direction. The width of the experimental window is
320 µm × 320 µm.

Figure 7. The experimentally observed dependence of the
modulational instability of the broad Gaussian beam on the angular
orientation of the initial periodic perturbation. The amplitude of the
external DC electric field Eext = 2.2 kV cm−1, with the field applied
along the horizontal direction.

Gaussian beam was initially transmitted through a parallel
plate which resulted in the appearance of a weak spatial
periodic modulation of the beam wavefront. By rotating the
plate we were able to change the orientation of this modulation.
The perturbed beam subsequently propagated through the
biased photorefractive crystal. Results of this experiment are
shown in figure 7. Greyscale plots in the top row of this figure
represent the light intensity distribution at the output face of
the photorefractive crystal corresponding to different angular
orientations of the periodic pattern characterized by the angle
(θ ). Graphs in the bottom row illustrate the corresponding
intensity profile. As figure 7 clearly shows, the amplification
of the perturbation decreases rapidly as the angle departs from
θ = 0. The rightmost plot shows the intensity pattern at the
input face of the crystal. For better visualization we plot in
figure 8 the experimentally measured growth rate (normalized
to its maximum value) as a function of the angle θ . The points
represent experimental data while the line is a theoretical fit
(equation (9)) with Eph = 0, A0 = 2.6, ξ = 0.42, α = 0 and
q = 0.35. Again, the drop in amplification of the perturbation
for increasing θ is evident.

In conclusion, we have investigated modulational
instability of plane waves and finite beams in photorefractive
nonlinear media biased with a DC electric field. We showed
that the growth rate of the perturbation is affected by the
inherent anisotropy of the nonlinear response. It is highest for
perturbations whose wavevectors correspond to the direction
of the biasing DC field. For arbitrarily oriented perturbations
the effect of the anisotropy manifests itself in a decrease of
the effective strength of the nonlinear response until it reaches
zero for wavevectors perpendicular to the direction of the field.
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Figure 8. The experimentally measured normalized growth rate of
an initial periodic perturbation imposed onto the broad Gaussian
beam as a function of the angular orientation of the initial pattern.
Dots—experimental points; curve—theoretical fit (formula (9)).

Our theoretical predictions were confirmed by experimental
observations on strontium barium niobate crystals.
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Appendix. Derivation of equations

The set of equations describing the optical properties
of a photorefractive crystal, known as the Kukhtarev
equations [25], are

∂N+
D

∂t
= (β + σ Iem)(ND − N+

D) − γrne N+
D, (A.1a)

ρ = e(N+
D − NA − ne), (A.1b)

J = eµneE + µkBT ∇ne + βph(ND − N+
D)Iem ĉ, (A.1c)

∇ · (ε0 ε̂E) = ρ, (A.1d)

∂ρ

∂t
+ ∇ · J = 0. (A.1e)

Here ND, N+
D, NA and ne are the densities of donors, ionized

donors, acceptors and conduction electrons, β and σ are
the coefficients of thermal excitation and photoexcitation,
Iem is the optical intensity, γr is the electron recombination
coefficient, −e is the charge on an electron, ε0 is the
permeability of vacuum, ε̂ is the static dielectric tensor, kB

is the Boltzmann constant, T the temperature, µ the electron
mobility, ρ the charge density, J the current and E the
static electric field. Note that the coefficient σ includes the
photogalvanic contribution due to βph so we can write the total
photoexcitation coefficient as σ = σ1 + βph.

We analyse these equations following the approach
of [14]. In the absence of thermal excitation or photoexcitation
ne = 0, so the condition 〈N+

D〉 = 〈NA〉, where 〈〉 denotes a
spatial average, ensures bulk charge neutrality. The negatively
charged acceptors do not participate in the photoexcitation
dynamics, so the density NA is fixed and serves to limit the
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magnitude of the photoexcited space charge field. To analyse
the Kukhtarev equations we assume ND � NA � ne. Gauss’s
law (A.1d) then gives

N ≡ N+
D

NA
= 1 +

1

eNA
∇ · ε0 ε̂E.

Introducing the Debye wavenumber for charge motion along
the ĉ axis as kD = e

√
NA/(kBT ε0εc), where εc is

the component of the dielectric tensor along ĉ and the
characteristic field Ẽ = kBT kD/e = eNA/(ε0εckD), we can
write the last expression as

N = 1 +
1

kD Ẽ
∇ · ε̂nE

with εn the static dielectric tensor divided by εc.
The assumption of fast carrier recombination implies that

∂ne/∂t can be set to zero in the equation for charge continuity.
It follows that
∂M

∂t
+

1

ε0εckD Ẽ
∇ · [eµneE + µkBT ∇ne

+ βph(ND − N+
D)Iem ĉ

] = 0 (A.2)

where M = N − 1. To proceed we use equation (A.1a) to
write

ne = − 1

γr N

∂N

∂t
+

β

γr
(1 + Iem/Is)

ND/NA − N

N

where Is = β/σ is the saturation intensity for which the rate
of thermal excitation equals the rate of photoexcitation. With
fast carrier recombination and ND � NA we have

ne � β

γr N
(1 + I)

ND

NA

with I = Iem/Is. The characteristic density of electrons
associated with Is is n0 = (β/γr)(ND/NA) so the electron
density can be written as

ne = n0
1 + I

1 + M
. (A.3)

Furthermore the photogalvanic term can be written as

βph(ND − N+
D)Iem � βphND Iem

= βph
NAneγr N

σ

I

1 + I

= βph
NAn0γr

σ
I. (A.4)

Defining the characteristic relaxation time of the electric
field t0 = ε0εc

eµn0
and the photogalvanic field Eph = βphγr NA

eµσ
,

equation (A.2) can be written as

t0
∂M

∂t
+

1

kD Ẽ
∇ ·

[
1 + I

1 + M
E +

Ẽ

kD
∇ 1 + I

1 + M
+ Eph I ĉ

]
= 0.

(A.5)
This equation coincides with [14], equation (2), with χ = 0
and δ = 0.

We are interested in the situation where the optical beam
is small compared to the size of the nonlinear medium. The
externally applied bias field is Eext = V/Lx with V the applied
voltage and Lx the width of the medium along x̂ which is taken

to coincide with the ĉ axis. It is convenient to subtract this field
from the optically induced field so that the field Er = E−Eext x̂
vanishes at the boundaries of the medium. Using Er instead
of E in equation (1) results in only a small change in the
wavenumber of the beam which has no physical importance for
this work. We then introduce a potential through the relation
Er = −Ẽ∇⊥φ so that equation (A.5) can be written as

t0
∂

∂t

[∇ · (
ε̂n∇φ

)]
+

1 + I

1 + M
∇2φ + ∇φ · ∇ 1 + I

1 + M

= Eext

Ẽ

∂

∂x

1 + I

1 + M
+

Eph

Ẽ

∂ I

∂x
+

1

kD
∇2 1 + I

1 + M
. (A.6)

In the situation of interest here where the optical field
is linearly polarized along x̂ , the nonlinear increment to the
refractive index is given by n2(r, z) = − 1

2 n3
0r33Ex(r, z), with

r33 the relevant component of the electro-optic tensor and Ex

the x̂ component of the low frequency electric field in the
medium. In a paraxial approximation the optical field therefore
satisfies the parabolic equation

∂ A

∂z
− i

2k
∇2

⊥ A = i

(
k

2
n2

0r33 Ẽ

)
∂φ

∂x
A(r, z). (A.7)

Within the same paraxial approximation we drop the
longitudinal derivatives in equation (A.6) so that the gradient
operator becomes ∇⊥ = x̂∂/∂x + ŷ∂/∂y. Finally, introducing
the spatial scales l⊥ and l‖ and redefining the coordinates
and variables through (x, y)/ l⊥ → (x, y), z/ l‖ → z,
φ(Ẽ/Eext)(1/ l⊥) → φ, gives the normalized set

∂ A

∂z
− i∇2

⊥ A = i
∂φ

∂x
A, (A.8)

τ
∂

∂t

[∇⊥ · (
ε̂n∇⊥φ

)]
+ ∇2

⊥φ + ∇⊥φ · ∇⊥ ln Ī

= ∂

∂x
ln Ī +

Eph

Eext Ī

∂ I

∂x
+

kBT

eEextl⊥
∇2⊥ Ī

Ī
(A.9)

where τ = t0/ Ī , Ī = (1 + I)/[1 − ξ∇⊥ · (ε̂n∇⊥φ)], ξ =
Eext/(Ẽl⊥kD), l‖ = 2/(kn2

0r33Eext) and l⊥ = √
l‖/(2k).

We can calculate characteristic values for the theoretical
parameters for the SBN crystal used in the experimental work.
Using data from [27] we have εc = 880, εy = 470 and
NA � 1016 cm−3 so the Debye length is 2π/kD = 2.2 µm,
and the characteristic internal field is Ẽ = 730 V cm−1. The
optical parameters are n0 = 2.3, λ = 0.532 µm, while
the electro-optic coefficient of our crystal was measured to
be r33 ∼ 180 pm V−1. With a typical applied field of
Eext = 2.2 kV cm−1 we have l‖ = 350 µm, l⊥ = 2.5 µm,
α = 0.046 and ξ = 0.42.
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