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Bound dipole solitary solutions in anisotropic nonlocal self-focusing media
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We find and analyze bound dipole solitary solutions in media with anisotropic nonlocal photorefractive
material response. The dipole solutions consist of two elliptically shaped Gaussian-type beams separated by
several diameters, and with ap phase shift between their fields. Spatial evolution of two initially round
Gaussian beams and their convergence to the above dipole solution is demonstrated experimentally.
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The possibility of creating two-transverse-dimensional@~2
11!D# soliton-type structures of light in nonlinear media
of considerable interest due to potential applications in o
cal information processing systems@1#. The dynamics of
nonlinear propagation equations resulting in the formation
such structures can be very complex and may result in
generation of higher-order and multisoliton solutions. The
solutions have been investigated extensively in the o
transverse-dimensional@~111!D# case@2#. A number of ex-
act analytical methods have been developed, including
inverse scattering method, which provides an exact solu
of an initial-value problem, Ba¨cklund transformations, and
Lax pairs. Examples of higher-order bound soliton solutio
include the formation of soliton-antisoliton pairs~kinks! @3#,
incoherently coupled bright and dark beams@4#, and multi-
soliton solutions of a set of coupled high-order nonline
Schrödinger equations@5#.

In two-transverse dimensions the majority of nonline
equations of interest are not integrable, and the corresp
ing initial or boundary-value problems are usually analyz
numerically. The analysis of a single-soliton solution if
does not exhibit a simplifying~e.g., radial! symmetry may
require sophisticated tools@6#. The existence and propertie
of higher-order and multisoliton solutions in the~211!D
case have therefore been investigated much less than i
~111!D case. Noteworthy results include calculation of no
linear dipolar structures in the context of the Korteweg–
Vries equation@7#, molecular matrices with impurities@8#,
and fluids@9#. Higher-order radially symmetric structures
media with cubic nonlinearity were given in@10#, and their
evolution in a saturating nonlinear medium studied in@11#.
More complex localized solutions are described in@12#.

In this paper we find and investigate~211!D dipole soli-
tary solutions for a light beam in a self-focusing nonloc
anisotropic optical medium. This solution is a bound p
consisting of two elliptical beams spaced some distance a
that are in antiphase to each other~have ap relative phase
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shift!. The above dipole solution is unique to the~211!D
case and has no analogs in the~111!D case for neither an-
isotropic nor Kerr-type isotropic nonlinear media. Eviden
of a related bound-pair solution for a defocusing nonlinea
was reported recently in@13#. We demonstrate experimen
tally the importance of the relative phase of the two lobes
the dipole in determining the subsequent spatial evoluti
The particulars of our analysis pertain to a photorefract
nonlinear response, but general conclusions should be q
tatively applicable to other media.

Our analysis is based on the set of equations@14#
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that describe time-independent propagation along the coo
natex in the presence of an electric field applied alongz.
Here B(rW) is the amplitude of the optical beam,¹W

5 ŷ(]/]y)1 ẑ(]/]z) is the transverse gradient, andw is the
electrostatic potential induced by the beam with the bou
ary conditions¹W w(rW→`)→0W . Equations~1! are written in
dimensionless coordinates. The electromagnetic intensit
normalized to the characteristic saturation intensity so t
the saturation intensity in Eq.~1b! is equal to unity. More
details about the derivation of Eqs.~1! and the normaliza-
tions used can be found in Refs.@14,15#. Theoretical analysis
and experimental observations of single-soliton solutions
Eqs.~1! were discussed in Ref.@16#.

Equations~1! are highly anisotropic@14,17# and do not
allow radially symmetric solitary solutions, thereby neces
tating explicit treatment of both transverse coordinates. Th
second hallmark is the nonlocality of Eq.~1b! for the non-
linear change of the refractive index. An immediate con
quence of this fact is that both single and multisoliton~2
11!D solitary solutions of Eqs.~1! have exponential
asymptotics for the electromagnetic field, but algebraic
ymptotics for the nonlinear refractive index of the mediu
and in this sense can be called semialgebraic. Note that t
cal soliton solutions of nonlinear propagation equations h
exponentially decaying asymptotics at infinity. One nota
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exception is the solutions of the Benjamin-Ohno equat
that are algebraic in nature~see, e.g., Ref.@18#!.

Solitary solutions of Eqs.~1! correspond to the ansat
B(rW)5b(y,z)exp(ilx), wherel is a real propagation con
stant. The resulting equations constitute an eigenva
eigenfunction problem with the eigenvaluesl forming a
continuous set. The eigenfunctionsb(y,z) have been found
in the same way as in Ref.@16#, using the iterative procedur
of Petviashvili@19# ~see also@7#!. Note that this approach i
exact and does not imply any approximations. To find dip
solitary solutions of Eqs.~1!, starter functions for the itera
tion procedure have been specified as a pair of Gaus
beams with ap mutual phase shift spaced some distan
apart.

Figure 1 illustrates~a! the distribution of the electromag
netic fields and~b! the nonlinear refractive indexn5]w/]z
corresponding to the dipole solitary wave solution of Eqs.~1!
when the maximum intensity of the solutionI m51, where
I m[ubu2 evaluated at the location of the maximum intens
of one of the dipole peaks. The solution is a pair of coupl
elliptically shaped~211!D beams that are spaced some d
tance apart and aligned along they axis. The fields of each o
the components comprising the pair have the same ma
tude but different signs.

In Fig. 2 we present the diametersdy anddz of each of the
beams comprising the dipole solution and the separa
Lsep between them as functions of the maximum intens
I m . The diameters have been calculated at the 1/2 leve
the maximum intensity of the solution. Both of the intens
peaks comprising the dipole solution turn out to be smo
Gaussian-type beams that are narrower along the coord

FIG. 1. Spatial distribution of~a! the field and~b! the nonlinear
refractive index for the dipole solitary solution of Eqs.~1!.

FIG. 2. Diameters and the separation between the beams
prising the dipole solitary solution versus its maximum intens
The inset shows cross sections of the field, the refractive index,
the potential along thez axis.
n

e-

e

an
e

,
-

ni-

n
y
of

h
ate

z and wider in the perpendicular direction. This fact refle
the dominant role of the anisotropy in the formation of t
dipole solution. In the weak saturation limitI m!1, both the
values of the diameters and the separation increase as
maximum intensity decreases. In the opposite limit of lar
saturation I m@1, they are logarithmically proportional to
I m . A shallow minimum is reached between these two li
iting cases. The propagation constantl was found to in-
crease monotonically with the power of the dipole solutio
which is indicative of its stability@20#.

The inset shows cross sections of the electromagn
field (B), the refractive index (]w/]z), and the potentialw
taken along thez axis through the maximum of one of th
intensity peaks for the parameters of Fig. 1. Note the s
power-law decay of the potential asz tends to infinity. The
asymptotic structure of the potential at large distances is
the form w}z/Ay21z2. This structure implies that the re
fractive index n5]w/]z has both positive~focusing! and
negative~defocusing! regions; the latter are situated on bo
sides of the beams along the plus-minus directions of thz
axis.

Numerical analysis of spatial dynamics and converge
properties of the dipole solution has been carried out fo
pair of Gaussian beams spaced some distance apart alon
y axis. The analysis indicates that the dipole solitary solut
is an attractor of the set of equations~1!. Initial distributions
of the field in the vicinity of the dipole solitary solution
converge to this solution. Note that this is not the only
tractor of the system, since Eqs.~1! also contain the lowest
order single-beam soliton solution@16#. A unique manifesta-
tion of the formation of a bound pair by two antiphas
Gaussian beams is the dynamics of their separation dista
Numerical runs show that if two beams are launched
close to one another, they repel each other; if initially th
are too far away, they attract each other. Asymptotically
pair converges to the dipole solution via damped spatial
cillations of both the diameters and separation between
beams around the asymptotic equilibrium state. The rate
convergence depends primarily on the value of the norm
ized characteristic intensityI m of the beams, in the same wa
as for convergence to the lowest-order soliton solution@16#.
Both the low- and high-saturation limitsI m!1 or I m@1 are
unfavorable for observing photorefractive solitons since
convergence rate is slow~see Ref.@16#!. The best regime
corresponds toI m.1 when the length of the spatial transie
is minimal.

The convergence of two initially round Gaussian beams
the dipole solitary solution in this moderate saturation
gime is illustrated by Fig. 3, which shows spatial evoluti
of the beam diameters and their separation distance foI m
51.5. The initial separation distance is larger than the eq
librium soliton separation, and the beams attract each ot
as seen from the separation distance changing from 12 a
input to 10.6 at the output. For initial separation distanc
smaller than that of the soliton solution the beams repel e
other. The value of the normalized propagation distance
the experiment described below is about 30. The rate of
traction and/or repulsion is relatively small, so in experime
we have to adjust the initial separation close to that o
soliton solution.
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If the relative phase between the beams is close, but
equal to 180°, the spatial evolution of the beams is acco
panied by oscillating exchange of their intensities. For la
deviations from the antiphased conditions the evolution
the pair changes quite dramatically and the dipole solu
cannot be reached. In particular, a pair of Gaussian be
with zero relative phase coalesces.

Excitation of a dipole soliton was demonstrated using
experimental arrangement similar to that used in Ref.@15#.
As shown in Fig. 4, a 10-mW He-Ne laser beaml
50.63 mm) was passed through a system of lenses con
ling the size of the beam waist, and a beam splitter arran
ment was used to create two parallel circular beams w
variable separation and adjustable relative phase. The be
were directed into a photorefractive crystal of SBN:60 dop
with 0.002 wt. % Ce. The beam propagated perpendicula
the crystalĉ axis, and was polarized along it to take adva
tage of the largest component of the electro-optic tenso
SBN r 33. The experimentally measured value of the lat
was found to ber 33'210 pV/m. The crystal measured 2
mm along the direction of propagation, and was 5 mm w
along theĉ axis. A 1-kV dc voltage was applied along th

FIG. 3. Evolution of the diameters and separation of input
tiphase Gaussian beams with propagation distance in the mod
saturation regime.

FIG. 4. Experimental setup. The half-wave plate and beam s
ter were used for controlling the laser intensity. The glass plate
the arms of the interferometer were rotated to adjust the separ
and phase of the beams. The relative phase was controlled by
serving the unused interferometer output.
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ĉ axis and the effective saturation intensity was varied
illuminating the crystal from above with incoherent whi
light. The experiments were carried out in a moderate sa
ration regime withI m.0.5, and the power in each beam w
40 mW. Images of the beam at the input and output faces
the crystal were recorded with a charge-coupled-device c
era.

A signature of the formation of a bound dipole is th
sensitive dependence on the relative phase of the in
beams. Figure 5 shows the the input and output inten
distributions for input separations of~a! 44 mm, ~b!65 mm,
and ~c! 83 mm. The leftmost column labeled ‘‘A,B in’’
shows images of the intensity at the input surface of
crystal. The pictures were made by recording the intensity
each beam separately, and then adding the digitized pict
with a computer. The next column ‘‘A,B out’’ shows outpu
distributions, created in the same way, that were obtained
allowing beams A and B to propagate one at a time throu
the crystal. Comparison of the first two columns demo
strates that the input beams were parallel~equal separation a
input and output faces! and that they converged to ellipticall
shaped solitary solutions@16#. The input beams had a diam
eter of 33mm full width at half maximum. The elliptically
shaped output beams had measured diameters ofdz
520 mm anddy530 mm.

Column ‘‘A-B’’ shows the output recorded when bot
beams were present with a relative input phase ofp. When
the input separation is too small the beams repel each o
and when the separation is too large the beams attract.
amount of repulsion can be large, as seen in~a! and~b!, since
the interaction between closely spaced beams is large. On
other hand, the amount of attraction is relatively small, sin
it occurs for widely spaced beams for which the interaction
weak. A small amount of attraction is visible in row~c!, but
the effect is weak, and is close to the accuracy of our m
surements. The attraction was observed clearly by block
one of the input beams, which resulted in the other be
moving slightly further away from the blocked beam. F
row ~c! we measureLsep/dz583/2054.2, which is close to
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b-

FIG. 5. Experimental observation of excitation of a dipole~see
main text for explanation!. Each frame depicts a region of siz
250 by 250 mm, and thez coordinate is horizontal.
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the ratioLsep/dz.4.6 given in Fig. 3 forI m50.5. The mea-
sured ellipticity of each of the output peaks was 1.5,
agreement with Fig. 3. We conclude, therefore, that row~c!
demonstrates excitation of a dipole pair consisting of t
elliptically shaped beams withp relative phase shift.

Finally, for in-phase input beams~column ‘‘A1B’’ ! we
observe fusion for small input separation@~a! and ~b!#, and
formation of an elongated beam for large input separa
~c!. Based on numerical simulations we expect the beam
~c! to eventually fuse for a sufficiently long nonlinear m
dium.

In conclusion, we have found bound dipole solitary so
tions to the problem of anisotropic nonlocal self-focusing
bulk photorefractive media. Properties of these solutio
have been analyzed in detail. No rigorous asymptotic sta
-
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ity analysis of the above solutions has been performed. N
ertheless numerical runs starting from a pair of Gauss
beams with different input conditions and/or exact dipo
solitary solution demonstrate convergence to these solut
and their apparent stability. Experimental results for the s
tial evolution of Gaussian beams confirm the numeri
simulations indicating convergence to and the existence
higher-order solitary wave consisting of an aligned bou
dipole pair.
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