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We analyze the evolution of s111d dimensional dark stripe beams in bulk media with a
photorefractive nonlinear response. These beams, including solitary wave solutions, are shown to be
unstable with respect to symmetry breaking and formation of structure along the initially homogeneous
coordinate. Experimental results show the complete sequence of events starting from self-focusing of
the stripe, its bending due to the snake instability, and subsequent decay into a set of optical vortices.
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dimensional s211d allowable solutions and are shown to
be unstable due to breaking of the initially odd symmetry
of the field and the appearance of spatial structure along
the “hidden” homogeneous coordinate. We present theoretical and experimental data demonstrating all stages
of this breakup and subsequent spatial evolution resulting in the formation of optical vortices (wave front dislocations) [12]. Formation of optical vortices has been
predicted in laser cavities [13], and due to nonlinear propagation , in self-defocusing media [6,14]. Optical vortices
are well known in linear optics [15], and were observed
previously in self-defocusing optical media [9] by introducing strong perturbations at the entrance to the nonlinear medium. We demonstrate here that optical vortices
are a natural consequence of nonlinear propagation of any
dark stripe beam in a defocusing medium. The necessary seeds are provided by the natural noise in the system,
and the characteristic scales are determined by the fastestgrowing modes of the transverse modulation instability.
Propagation of an optical beam Bs$r d in a defocusing
photorefractive medium is governed by the equations [16]
∏
∑
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Focusing Kerr-type nonlinear media exhibit solitary
wave solutions, where diffraction is compensated by
the nonlinearity. These solutions are localized bright
beams with zero field at infinity. Solitary solutions in
defocusing media correspond to a dark region of small
intensity with finite (and larger) intensity at infinity.
Stripe s111d dark solitary solutions of the nonlinear
Schrodinger equation in the context of a defocusing Kerr
nonlinearity were analyzed in Ref. [1]. Later it became
evident that these solutions are unstable in bulk media
[2,3] due to the growth of perturbations along the initially
homogeneous coordinate. Their breakup and subsequent
spatial dynamics have been the subject of continuing
interest since then [4]. Numerical analysis of spatial
dynamics of light beams for a nonsaturable and saturable
defocusing Kerr nonlinearity was undertaken in [5] and
[6], respectively.
Dark solitary wave solutions can only be investigated
in approximate form experimentally, since they have finite energy at infinity. Experimental investigations of the
propagation of dark stripe beams in bulk media have relied, therefore, on embedding a dark notch in a somewhat
wider bright envelope [7–11]. This has two immediate
consequences. First, the bright envelope spreads in a defocusing medium, which limits the propagation distance
over which a high contrast dark stripe can be maintained.
Second, the growth rates for perturbations along the homogeneous coordinate turn out to depend on the relative
width of the envelope to the dark notch. We have found,
both theoretically and experimentally, that the instability
growth rates decrease as the envelope of the bright background is narrowed. This may in part explain why the
snake instability of dark stripe beams, observed here for
the first time, has not been reported previously.
We analyze below the breakup and subsequent spatial evolution of one-transverse-dimensional s111d dark
stripe beams in bulk nonlinear media with a photorefractive nonlinear response. In bulk media these beams
belong to a low-dimensional s111d subclass of higher-

≠
lns1 1 jBj2 d . (1b)
≠z
where w is the electrostatic potential induced by the
beam with the boundary conditions =wsr$ ! `d ! 0.
Equations (1a) and (1b) imply a particular geometry of
interaction where a beam propagates along one of the
crystal axes (the x axis) and the electrooptic tensor has
one dominating component, e.g., as is the case for a
photorefractive crystal of SBN. The differential operator = acts on coordinates y and z perpendicular to
the direction of propagation of the beam x. The relationship between the dimensionless coordinates sx, y, zd
and the physical coordinates sx 0 , y 0 ,pz 0 d is given by the
expressions x  jajx 0 and s y, zd  kjaj s y 0 , z 0 d, where
a  s1y2dkn2 r33 sEext 1 Eph d , 0. Here k is the wave
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number of electromagnetic radiation in the medium, n
is the index of refraction, r33 is the relevant component
of the electro-optic tensor, Eph is the amplitude of the
photogalvanic field, and Eext is the amplitude of the
external field far from the beam; both are directed along
the z coordinate. The electromagnetic intensity jBs$r dj2 is
normalized to the dark intensity Id .
If all functions in Eqs. (1) are assumed to depend only
on the transverse coordinate z, the photorefractive nonlinearity becomes identical to the saturable Kerr nonlinearity.
Equation (1b) can be integrated and Eq. (1a) recast in the
form
∏
∑
jBj2 2 jB` j2
i ≠2
≠
Bsx,
zd

2i
2
B,
(2)
≠x
2 ≠z 2
1 1 jBj2
where jB` j  jBsz  6`dj. The simplest solitary wave
solution of Eq. (2) has the form Bsx, zd  bszd with bszd
governed by the relation [17]
p q
dbydz  2 c 2 cm 2 cm ln cycm ,
(3)
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FIG. 1. Modulation instability growth rate G as a function
of the transverse wave number ky for the dark solitary wave
solution (3).

2 , b  bs`d  2bs2`d.
where c  1 1 b 2 , cm  1 1 bm
m
This antisymmetric solution is analogous to that obtained
by Zakharov and Shabat in Ref. [1] for nonsaturable Kerr
nonlinearity and reduces to it in the limit bm ø 1. The
question of stability of this solution with respect to transverse modulation is addressed by considering the amplitude of an electromagnetic field of the form Bs$r d 
fbszd 1 dbszd expsGxd sinsky ydg, where bszd is the solution (3), ky is an arbitrary transverse wave number, db is
a small complex-valued perturbation eigenmode, and G is
the growth rate of this eigenmode.
The system of equations for the eigenmodes obtained
by"linearization of Eqs. (1) is of the form
#
2
b 2 2 bm
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db  2bdw ,
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2
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To study the nonlinear stage of spatial dynamics
Eqs. (1) have been solved numerically for several different input field profiles including the solitary solution
(3). The results presented below correspond to our experiments where the dark intensity notch was imbedded in a large-diameter bright stripe beam. The input
electromagnetic field in this case was chosen to be of
the form Bin  B0 szdf1 1 BN sy, zdg ; B0 szd 1 Nsy, zd,
where B0 is a s111d ground state and BN is an additive
noise with uniform random spectrum in Fourier space.
The relative magnitude
of noise
is characterized by the
R
R
parameter e  jNj2 dydzy jB0 j2 dydz, where the integration is carried out over the computation window.
The ground state has the form
p
B0 szd  Im expf24z 2 yd 2 1 piuszdgFszd , (5)

(4a)

where Fszd  1 2 exps2400z 2 yd 2 d, Im is the initial
intensity of the beam, and uszd is the step function usz .
0d  1 and usz , 0d  0. The electromagnetic field (5)
is a wide beam with a Gaussian intensity profile and the
diameter d having a dark notch in the center with 10 times
smaller diameter. The relative phase of the left and right
halves of the beam is shifted by 180± so that the field
passes through zero at the center and changes sign.
Figure 2 demonstrates the spatial dynamics of the beam
(5) with d  60, Im  3, and e  3 3 1022 . The initial characteristic width of the dark stripe is a couple
of times larger than that of the solitary solution (3).
As it propagates, the main wide beam experiences selfdefocusing. The dark stripe in the center first undergoes self-focusing [2(b) and 2(c)]. Figures 2(b)–2(f) also
show some amount of radiative decay with radiated waves
seen as dark stripes on a brighter background that originate near the center of the beam and move outward. At
larger propagation distances [2(d) and 2(e)], the development of the snake instability results in the periodic bending of the dark channel along the initially homogeneous
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The eigenvalues G may be either purely real or purely
imaginary. Real positive values of G correspond to
growing modes and to the instability of the ground state.
Figure 1 shows the numerically found instability growth
rate G for the solution (3) as a function of the transverse
wave number ky and for two values of its maximum
intensity Im  b 2 sz  6`d. Figure 1 demonstrates that
the solution (3) is unstable in a certain range of transverse
wave numbers ky . The eigenmodes turn out to be even
functions of the coordinate z, whereas the ground state
solution (3) is odd. Because of this difference in parities,
growth of the perturbation eigenmode causes the initially
straight dark stripe (3) to bend periodically along the y
axis. That is why this instability is also called snake
instability [2].
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FIG. 3. The product of the real and imaginary parts of the
field for Fig. 2(g) sx  30d.

FIG. 2. Evolution of a narrow dark stripe for the longitudinal
propagation distance x  0 (a), 5 (b), 10 (c), 15 (d), 20 (e), 25
(f), 30 (g), and 35 (h).

coordinate y. At the same time the continuous line of zeros of the field breaks down into a set of optical vortices or
wave front dislocations that become more and more pronounced [2(f)–2(h)]. These dislocations are visualized in
Fig. 3 by plotting the product of the real and the imaginary parts of the electromagnetic field for the conditions
of 2(g). Dark intertwined lines correspond to zeros of either real or imaginary part, the points of their intersection
are zeros of the total field. Figure 3 zooms in on the central part of the beam in Fig. 2 along the z coordinate.
Numerical analysis of the spatial dynamics of beams
with a wide embedded dark stripe shows that it cannot exist as a single intensity dip and breaks down into a series
of narrower dark stripes. Each of those develops subsequently according to a scenario close to the evolution of
the narrow stripe discussed above and shown in Fig. 2.
In the experimental setup shown in Fig. 4 a 10 mW
beam from a He-Ne laser sl  0.6328 mmd was focused
in the horizontal plane with a pair of cylindrical lenses.
The vertical size of the beam remained unchanged and
equal to about 2 mm. The beam was directed into a
photorefractive crystal placed after the beam waist. The
crystal ĉ axis was oriented parallel to the z axis to take
advantage of the largest component r33 of the electro-optic
tensor of SBN. A variable dc voltage was applied along
the ĉ axis to control the value of nonlinear coupling, and
the effective dark intensity was varied by illuminating the
crystal from above with incoherent white light. Images of
2264

the beam at the input and output faces of the crystal were
recorded with a charge coupled device camera.
To create a dark stripe parallel to the y axis a glass
plate was introduced in half of the beam before the
system of two cylindrical lenses. Interference of the
reference beam with the light passed through the crystal
was used to adjust the tilt of the glass plate to ensure
a phase shift of aproximately 2pn 1 180± between the
two halves of the main beam passing through the crystal.
The same arrangement was used to visualize zeros of the
electromagnetic fields generated as the result of decay of
the dark stripe (see [12]).
The experimental results presented in Fig. 5 show the
steady state intensity profiles of the output beam for
different values of the applied voltage (different values
of the nonlinearity) and a fixed level of incoherent
illumination several times weaker than the initial beam
intensity. The vertical size of each picture in Fig. 5
is about 200 mm. Figure 5(a) shows the diffractive
spreading of the dark stripe embedded in the beam and the
beam itself for zero applied voltage (zero nonlinearity).
As the nonlinearity increases the main beam experiences

FIG. 4. The experimental setup. The photorefractive crystal
of SBN:60, doped with 0.002% by weight Ce, measured
10 3 6 3 9 mm along sx, y, zd.
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The existence of the zeros (optical vortices or wave
front dislocations [15]) was confirmed experimentally by
interferometric measurements. The spacing of the zeros
seen in Fig. 5(e) is about 40 mm, which corresponds,
using the measured experimental parameters, to ky , 1 in
Fig. 1. We have also shown experimentally that a wider
dark stripe decays by the formation of multiple narrower
self-focused dark filaments that subsequently start snaking
and decay into a series of vortices.
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FIG. 5. Intensity distribution of the output field for externally
applied voltage equal to (a) 0 V, (b) 400 V, (c) 990 V, (d)
1250 V, and (e) 1410 V.

self-defocusing and the dark stripe starts to self-focus
[5(b)]. Further increase in the nonlinearity results in the
appearance of characteristic snake distortions on the dark
stripe due to the transverse modulation instability [5(c)].
For still larger nonlinearities the initially continuous dark
stripe breaks down into a series of isolated zeros of
the electromagnetic field, as is seen in 5(d) and 5(e).
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